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Preconditioning by inverting the Laplacian: an analysis of the eigenvalues
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We study the eigenvalues of the operator generated by using the inverse of the Laplacian as a preconditioner for self-adjoint second-order elliptic partial differential equations with smooth coefficients. It
is well known that the spectral condition number of the preconditioned operator can be bounded by
max k(x)/ min k(x), where k is the uniformly positive coefficient of the second-order elliptic equation.
The purpose of this paper is to study the spectrum of the preconditioned operator. We will show that
there is a strong relation between the spectrum of this operator and the range of the coefficient function.
In the continuous case we prove, both for mappings defined on Sobolev spaces and in terms of generalized functions, that the spectrum of the preconditioned operator contains the range of the coefficient
function k. In the discrete case we indicate by numerical examples that the entire discrete spectrum is
approximately given by values of k.
Keywords: elliptic differential equations; eigenvalues; preconditioning; continuous coefficients.

1. Introduction
Consider a self-adjoint second-order elliptic partial differential equation (PDE) of the form
−∇ · (k(x, y)∇v) = f

for (x, y) ∈ Ω ,

(1.1)

equipped with suitable boundary conditions. Here k is a uniformly positive and smooth function and f is
a given function in L2 (Ω ). It is well known that a straightforward discretization using the finite-element
method leads to a discrete system of the form
Ah vh = fh ,

(1.2)

where h denotes the mesh parameter. In a similar manner, we can discretize (1.1) in the case of k ≡ 1,
corresponding to the Poisson equation, and obtain a linear system of the form
Lh wh = fh .

(1.3)
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It is also known that, if Lh−1 is used as a preconditioner for Ah in the process of solving (1.2) numerically,
then the condition number of the preconditioned operator, formally denoted by Lh−1 Ah , is bounded by
κ6

sup(x,y)∈Ω k(x, y)
inf(x,y)∈Ω k(x, y)

.

Furthermore, it√is known that the number of conjugated gradient (CG) iterations needed to solve the
problem is O( κ), and thus the number of iterations is independent of the mesh parameter h (see, e.g.,
Axelsson, 1994).
Even though the spectral condition number κ of Lh−1 Ah is bounded independently of h, many CG
iterations may still be needed if the variations in k are large. For coefficients with jump discontinuities
this problem has partly been successfully solved by introducing various preconditioners. In such cases
the methods and analyses are commonly based on some sort of clustering effect of the eigenvalues of
the preconditioned operator (see Cai et al., 1999; Graham & Hagger, 1999).
The aim of the present paper is to study this problem for equations involving continuous coefficients
with large variations. We will do this by providing insight into the spectrum of the preconditioned
operator Lh−1 Ah .
Our main results can roughly be described as follows. Let λh = (λ1 , λ2 , . . .) denote a vector containing all of the eigenvalues of Lh−1 Ah sorted in a non-decreasing manner. These eigenvalues can be
computed by solving the generalized eigenvalue problem
Ah uh = λ Lh uh .

(1.4)

Similarly, we let µh = (µ1 , µ2 , . . .) denote a vector containing the values of the coefficient function
k evaluated at the mesh points and sorted in a non-decreasing manner. We will present numerical
experiments indicating that
max |λ j − µ j | = O(h).
j

In the continuous case the generalized eigenvalue problem is to find a non-trivial eigenfunction u and
an eigenvalue λ such that
∇ · (k(x, y)∇u) = λ ∇2 u for (x, y) ∈ Ω
(1.5)
for a suitable set of boundary conditions. We will prove rigorously, both for the associated operators
defined on Sobolev spaces and in terms of distribution theory, that all of the values of the coefficient
function k are contained in the spectrum of the preconditioned operator L−1 A.
The implication of this is that we obtain a deeper understanding of the convergence properties of
the CG method since the convergence is completely determined by the spectrum of the preconditioned
operator (see, e.g., Stoer & Bulirsch, 1993). More precisely, if the coefficient k is continuous and has
large variations then no clustering effect of the eigenvalues of Lh−1 Ah will occur—indicating that efficient
methods for such problems must be based on some other kind of property of the involved equation. This
means that optimal preconditioners are well suited to obtaining h-independent bounds on the number
of CG iterations, but such methods will still generate a large number of CG iterations for continuous
coefficients k that have large variations. As mentioned above, the case of a piecewise constant k with
large variations has been successfully solved.
For a general introduction to preconditioners and iterative methods we refer to Axelsson (1994),
Chan & Mathew (1994) and Hackbusch (1994). The use of fast solvers for the Laplace equation as
preconditioners for the CG method has been used for many years. For a thorough discussion on how the
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eigenvalues of the operator influence the convergence properties of the CG method we refer to Axelsson
& Lindskog (1986a,b). Numerical schemes for equations of the form (1.1) with large jumps in the
coefficients were studied by, for example, Bramble et al. (1991), Dryja (1994), Dryja et al. (1996) and
Bebendorf & Hackbusch (2003).
The convergence properties of the CG method are also heavily influenced by both the right-hand
side f of (1.1) and the start vector of the iteration. These issues were thoroughly analysed by several
scientists (see Naiman et al. (1997), Cai et al. (1999), Naiman & Engelberg (2000) and Beckermann &
Kuijlaars (2001, 2002) for further information).
To shed some light onto the generalized eigenvalue problem (1.5), a series of numerical experiments
is presented in Section 2. In Section 3 we study the continuous eigenvalue problem for operators defined
on appropriate Sobolev spaces, and prove that, for any given point (x0 , y0 ) ∈ Ω , the value k(x0 , y0 ) of
the coefficient function at this point is an eigenvalue for the preconditioned operator, provided that
k is continuous at (x0 , y0 ). Furthermore, Section 4 contains an analysis of this problem in terms of
distribution theory, where also explicit formulas for the eigenfunctions are presented. Some conclusions
are discussed in Section 5.
2. Numerical experiments
The purpose of this section is to present some numerical experiments that indicate the properties of the
preconditioned operator Lh−1 Ah . These examples provide motivation for the rigourous analysis presented
in Sections 3 and 4 below.
Consider the equation
−∇ · (k(x, y)∇v) = f

for (x, y) ∈ Ω = (0, 1) × (0, 1),

(2.1)

with boundary condition
∂v
=0
∂n

at ∂ Ω ,

where n denotes a normal vector for the boundary of Ω , and we assume that f satisfies the solvability
condition
Z
f dx = 0
Ω

(see, for example, Marti (1986) for further details).
We discretize this problem in a standard manner using linear elements on a uniform mesh (see, e.g.,
Langtangen, 1999). The discretization leads to a linear system of the form
Ah vh = fh .

(2.2)

We also discretize the problem in the case of k ≡ 1, and obtain a linear system of the form
Lh wh = fh .

(2.3)

Our aim is to compute the eigenvalues of the preconditioned operator Lh−1 Ah , i.e., we want to find the
eigenvalues of the generalized eigenvalue problem
Ah uh = λ Lh uh .

(2.4)
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FIG. 1. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k1 and the mesh size is h = 0.2.

This is done by generating the matrices Ah and Lh using Diffpack (see Langtangen, 1999). The matrices1
are stored and entered into Matlab, which is used to solve the problem (2.4).
In our numerical experiments we use three versions of the coefficient function k:
k1 (x, y) = 1 + x + y,
k2 (x, y) = 2 + sin(2π ex cos(yx)),
2 +(y−0.5)2 ]

k3 (x, y) = 1 + 50 e−50[(x−0.5)

.

As above, we let λh = (λ1 , λ2 , . . .) denote a vector containing all of the eigenvalues of Lh−1 Ah , i.e., of
(2.4), sorted in a non-decreasing manner. Similarly, we let µh = (µ1 , µ2 , . . .) denote a vector containing
the values of the coefficient function k evaluated at the mesh points and sorted in a non-decreasing
manner.
In Figs 1 and 2 we plot the eigenvalues λh and the function values µh in the case of k = k1 using
h = 0.2 and h = 0.05, i.e., we have n = 36 and n = 441 unknowns. We note that the graphs are quite
similar. Similar plots for k = k2 and k = k3 are presented in Figs 3–6.

1 It should be noted that, due to the boundary conditions, both matrices are singular. If a solution to the boundary-value problem
is to be computed then it is common to add the following additional constraint:

Z

v dx = 0.
Ω
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FIG. 2. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k1 and the mesh size is h = 0.05.

FIG. 3. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k2 and the mesh size is h = 0.2.

The numerical results are summarized in Tables 1–3, where we show the behaviour of max j |λ j − µ j |
for various values of h. Clearly, these tables indicate that µh is an O(h)-approximation of λh . The rate
of convergence is computed by comparing the results obtained for two successive values of h and by
assuming that the difference max j |λ j − µ j | has the form chα , where c is a constant and α is the rate.
(Ideally, for k = k3 further experiments on finer meshes, i.e., with h < 0.0125, should be performed.
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FIG. 4. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k2 and the mesh size is h = 0.05.

FIG. 5. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k3 and the mesh size is h = 0.1.

However, the Matlab algorithms for computing the eigenvalues of Lh−1 Ah are very CPU and memory
demanding, and such investigations were therefore not possible, within reasonable time limits, on our
computers.
We have not succeeded in showing rigorously that µh defines an O(h)-approximation of λh —this
is, as far as we know, still an open problem. However, in the continuous case, for operators defined
on appropriate Sobolev spaces, we have proven that k(x0 , y0 ) is an eigenvalue for the preconditioned
operator, provided that k is continuous at (x0 , y0 ). This issue is treated in detail in Section 3.
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FIG. 6. The sorted array of eigenvalues (dashed–dotted line) and of the coefficient function k evaluated at the grid points (solid
line). In this case k = k3 and the mesh size is h = 0.05.

TABLE 1. The numerical results obtained for the generalized eigenvalue problem (2.4) with k(x, y) = k1 (x, y) = 1 + x + y. In this table, as well as in Tables 2
and 3, λ j , µ j , h and n represent the eigenvalue, the value of the coefficient function evaluated at the mesh point, the mesh width and the number of unknowns
in the discrete eigenvalue problem, respectively
h
0.2
0.1
0.05
0.025
0.0125

n
36
121
441
1681
6561

max j |λ j − µ j |
0.1333
0.0667
0.0333
0.0167
0.0083

max j |λ j − µ j |/h
0.6667
0.6667
0.6667
0.6667
0.6667

Rate
–
0.9989
1.0022
0.9957
1.0087

TABLE 2. The numerical results obtained for the generalized eigenvalue problem (2.4) with k(x, y) = k2 (x, y) = 2 + sin(2π ex cos(yx))
h
0.2
0.1
0.05
0.025
0.0125

n
36
121
441
1681
6561

max j |λ j − µ j |
0.3847
0.2009
0.1234
0.0633
0.0317

max j |λ j − µ j |/h
1.9235
2.0090
2.4672
2.5325
2.5363

Rate
–
0.9373
0.7031
0.9631
0.9977
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TABLE 3. The numerical results obtained for the generalized eigenvalue prob2
2
lem (2.4) with k(x, y) = k3 (x, y) = 1 + 50 e−50[(x−0.5) +(y−0.5) ]
h
0.2
0.1
0.05
0.025
0.0167
0.0125

max j |λ j − µ j |
5.5235
5.4286
3.6823
2.3656
1.1833
0.8723

n
36
121
441
1681
3721
6561

max j |λ j − µ j |/h
27.6175
54.2855
73.6464
94.6229
71.0001
69.7820

Rate
–
0.025
0.56
0.6384
1.7169
1.0526

3. Operators defined on Sobolev spaces
In this section we will study some properties of a generalized eigenvalue problem of the following form:
find a number λ and a function u such that
∇ · (k∇u) = λ ∆ u

in Ω .

(3.1)

Our aim is to analyse this equation in terms of operators defined on Sobolev spaces.
To this end, let us consider a prototypical elliptic boundary-value problem of the form
−∇ · (k∇v) = f
v=0

in Ω ,
on ∂ Ω ,

(3.2)

where Ω , with boundary ∂ Ω , is some open Lipschitz domain contained in a Euclidean space Rn . In
addition, k is assumed to be a uniformly positive and bounded function defined on Ω , i.e.,
k ∈ L∞ (Ω ),
for all x ∈ Ω ,

0 < b 6 k(x) 6 B

(3.3)
(3.4)

where b and B are given positive constants.
Throughout this section we will, for the sake of easy notation, consider elliptic PDEs with homogeneous Dirichlet boundary conditions (cf. (3.2)). However, it is not difficult to modify the arguments
presented below to also cover cases involving Neumann conditions.
3.1

Notation

Let H01 (Ω ), with inner product (·, ·)1 and norm k·kH 1 (Ω ) , denote the classical Sobolev space of functions
defined on Ω with zero trace at ∂ Ω . According to the Riesz representation theorem, there exist linear
operators A, L ∈ L (H01 (Ω )) such that
Z

(Aϕ, ψ)1 =

∇ψ · (k∇ϕ) dx

for all ψ, ϕ ∈ H01 (Ω ),

(3.5)

Ω

Z

(Lϕ, ψ)1 =
Ω

∇ψ · ∇ϕ dx

for all ψ, ϕ ∈ H01 (Ω ).

(3.6)

PRECONDITIONING BY INVERTING THE LAPLACIAN

9 of 19

With this notation at hand, the weak form of (3.2) may be written in the following form: find
v ∈ H01 (Ω ) such that
Z
(Av, ψ)1 =

f ψ dx

for all ψ ∈ H01 (Ω ).

Ω

Furthermore, L represents the (‘weak’) Laplacian defined on H01 (Ω ).
3.2 The analysis
Inspired by our findings in Section 2, we will now analyse the spectrum2
sp(L−1 A) = {λ ∈ C; (λ I − L−1 A) is not invertible}
of the operator
L−1 A : H01 (Ω ) → H01 (Ω ).
For the sake of convenience, let K denote the set of points in Ω at which the coefficient function k
is continuous, i.e.,
K = {x ∈ Ω ; k is continuous at x}.
(3.7)
Our main result can now be formulated as follows.
T HEOREM 3.1 Let A and L be the operators defined in (3.5) and (3.6).
(a) If (3.3) and (3.4) hold then
k(x) ∈ sp(L−1 A) for all x ∈ K,
where K is the set of points defined in (3.7).
(b) In particular, if (3.4) holds and k is continuous throughout Ω , i.e., k ∈ C(Ω ), then
k(x) ∈ sp(L−1 A) for all x ∈ Ω .
Proof. Let x̃ ∈ K be arbitrary and assume that x̃ is such that λ̃ = k(x̃) 6∈ sp(L−1 A).
Clearly, there exists a set of functions {vr }r∈R+ satisfying3
supp(vr ) ⊂ x̃ +Ur ,

(3.8)

k vr kH 1 (Ω ) = 1,

(3.9)

where
Ur = {z ∈ Rn ; |z| 6 r}.
Let
ur = (λ̃ I − L−1 A)vr
2 Here

required.

(3.10)

I : H01 (Ω ) → H01 (Ω ) denotes the identity operator, i.e.,
Iψ = ψ

3 Note

for r ∈ R+ .

for all ψ ∈ H01 (Ω ).

that no limit of vr as r → 0 is needed in this proof. Only the existence of a set of functions satisfying (3.8) and (3.9) is
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Since λ̃ 6∈ sp(L−1 A), it follows that (λ̃ I − L−1 A) is invertible, and we find that
k vr kH 1 (Ω ) =k (λ̃ I − L−1 A)−1 ur kH 1 (Ω ) 6 k(λ̃ I − L−1 A)−1 k k ur kH 1 (Ω ) .

(3.11)

By (3.10), we have
ur = λ̃ Ivr − L−1 Avr
or
Lur = λ̃ Lvr − Avr .
Hence it follows that
(Lur , ur )1 = λ̃ (Lvr , ur )1 − (Avr , ur )1 ,
and then, from the definition of L and A and by the fact that supp(vr ) ⊂ x̃ +Ur , we find that
Z

∇ur · ∇ur dx = λ̃

Ω

or

Z

Z

∇ur · ∇vr dx −

x̃+Ur

|∇ur |2 dx =

Z

Ω

x̃+Ur

Z
x̃+Ur

∇ur · (k∇vr ) dx

∇ur · ([λ̃ − k]∇vr ) dx.

Next, by the Cauchy–Schwarz inequality, we have
Z

2

|∇ur | dx 6

Z

2

|∇ur | dx

1/2 Z

Ω

Ω

2

x̃+Ur

2

(λ̃ − k) |∇vr | dx

1/2
,

and, consequently,
Z
Ω

2

1/2

|∇ur | dx

6 ess sup |λ̃ − k(x)| k vr kH 1 (Ω ) = ess sup |k(x̃) − k(x)|,
x∈x̃+Ur

(3.12)

x∈x̃+Ur

where the last equality follows from (3.9). Since k is continuous at x̃, it follows that
lim ess sup |k(x̃) − k(x)| = 0.

r→0

x∈x̃+Ur

From (3.12) and Poincaré’s inequality we thus conclude that there exists a constant r∗ ∈ R+ such that
k ur kH 1 (Ω ) <

1
2k(λ̃ I − L−1 A)−1 k

for all r ∈ (0, r∗ ).

(3.13)

Finally, (3.11) and (3.13) imply that
k vr kH 1 (Ω ) <

1
2

for all r ∈ (0, r∗ ),

which is a contradiction to (3.9). Hence we conclude that k(x̃) must satisfy k(x̃) ∈ sp(L−1 A).
This completes the proof of part (a) of the theorem. Part (b) is a trivial consequence of part (a). 
If k is continuous then we thus conclude that the range of k is indeed contained in the spectrum
of L−1 A, which is in agreement with the results of our numerical experiments. Moreover, for problems involving discontinuous coefficient functions, i.e., k ∈
/ C(Ω ), we can still conclude that k(x) is an
eigenvalue for the preconditioned operator L−1 A at every point x at which k is continuous.
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As mentioned in Section 1, for elliptic equations with coefficients with large jump discontinuities,
high-quality preconditioners can sometimes be constructed due to some clustering effect of the eigenvalues. In the case of continuous coefficients our investigations indicate that such an effect is not likely
to occur. In particular, if the inverse Laplacian is used as a preconditioner then the eigenvalues will not
cluster.
The proof of Theorem 3.1 is not of a constructive nature. Formulas for the eigenfunctions are not
provided. To further shed some light onto the generalized eigenvalue problem (3.1) we will now consider
it from a distributional point of view.
4. Generalized eigenfunctions and eigenvalues
As mentioned above, our aim is to study the eigenvalue problem
∇ · (k∇u) = λ ∆ u

(4.1)

in terms of distribution theory. More precisely, we will not only prove that λ = k(x, y), for all (x, y) ∈ Ω ,
are eigenvalues but also present explicit formulas for the associated generalized eigenfunctions. As in
Section 3, we will assume that Ω is an open Lipschitz domain.
4.1

Preliminaries and notation

In our analysis of this eigenvalue problem the classical mollifier functions (see, e.g., Marti, 1986) will
play an important role. It is defined by a non-negative and symmetric function ω ∈ C∞ (R) satisfying4
Z

ω(x) dx = 1,
R

ω(x) ≡ 0

for |x| > 1.

A family {ωε }ε∈R+ of mollifier functions are now defined by setting
1 x
.
ωε = ω
ε
ε
Clearly, these functions possess the following properties:
ωε ∈ C∞ ,

ωε > 0,

(4.2)

ωε (x) = ωε (−x),

(4.3)

Z

ωε (x) dx = 1,

(4.4)

R

ωε (x) ≡ 0
ωε (x) 6
4 The

M
ε

and

for |x| > ε,
|ωε0 (x)| 6

(4.5)
M
,
ε2

standard example of such a function is
ω(x) =


c exp ((x2 − 1)−1 ) for x ∈ (−1, 1),
0

where c−1 =

R1

−1 exp ((x

2 − 1)−1 ) dx.

for |x| > 1,

(4.6)
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where M is a positive constant that is independent of ε. Next we define a family {H ε }ε∈R+ of approximate Heaviside functions
Z x
H ε (x) =
ωε (y) dy.
−∞

Note that

H ε (x) ≡ 0

0 6 H ε (x) 6 1

for all x ∈ R,

for x 6 −ε,

H ε (x) ≡ 1

(4.7)
for x > ε,

ε 0

(H ) (x) = ωε (x).

(4.8)
(4.9)

We have not been able to characterize the (generalized) eigenfunctions and eigenvalues satisfying
(4.1) for all smooth coefficient functions k. However, we have been able to do so for a fairly large class
of coefficient functions that we now describe. To this end, we define the following family Q of smooth
and uniformly positive functions defined on Ω :
Q = {k ∈ C∞ (Ω ); ∃ m ∈ R+ such that m 6 k(x, y) for all (x, y) ∈ Ω }.
It turns out that the generalized eigenfunctions satisfying (4.1) are characterized by the regions in the
domain Ω on which the coefficient function k is constant, i.e., by the contour curves of k. Therefore, for
each k ∈ Q and (x0 , y0 ) ∈ Ω , we introduce the set
S(k, (x0 , y0 )) = {(x, y) ∈ Ω ; k(x, y) = k(x0 , y0 )}.

(4.10)

With this notation at hand, we are ready to define the set K of coefficient functions for which we are
able to provide a detailed mathematical analysis of the eigenvalue problem (4.1) as follows:
K = {k ∈ Q; for all (x, y) ∈ Ω , |S(k, (x, y))| = 0 or S(k, (x, y))
contains at least one open and connected subset G with |G| > 0}.

(4.11)

Here |S(k, (x, y))| and |G| denote the measures of the respective sets. Roughly speaking, K consists
of those smooth functions that are ‘well behaved’ in a measure-theoretical sense. The need for these
assumptions on the coefficient function will become apparent in the analysis below.
Clearly, the distributional form of the eigenvalue problem (4.1) can be written in the following form:
find a number λ and a (possibly generalized) function u such that
Z

k∇u · ∇φ dΩ = λ

Ω

Z

∇u · ∇φ dΩ

for all φ ∈ C0∞ (Ω ),

(4.12)

Ω

where C0∞ (Ω ) denotes the set of test functions, i.e., the set5 of smooth functions with compact support
in Ω . This means that
Z

(k − λ )[ux φx + uy φy ] dΩ = 0

for all φ ∈ C0∞ (Ω ).

(4.13)

Ω

In the analysis below we will use the form (4.13) of the generalized eigenvalue problem. The analysis
is divided, by certain properties of the coefficient function k, into three different cases.
5C∞ (Ω ) = {ψ
0

∈ C∞ (Ω ); ∃ a compact set K ⊂ Ω such that {x; ψ(x) 6= 0} ⊂ K}.
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The analysis
Case I.

Let k ∈ K and assume that (x0 , y0 ) ∈ Ω is a point such that
kx (x0 , y0 ) 6= 0

or

ky (x0 , y0 ) 6= 0,

|S(k, (x0 , y0 ))| = 0.

(4.14)
(4.15)

We will now study the sequence of functions
H ε (k(x, y) − k0 )
for ε > 0, where k0 = k(x0 , y0 ). More precisely, we will show that k0 is an eigenvalue with associated
eigenfunction H(k(x, y) − k0 ), where H denotes the Heaviside function
(
0 for z 6 0,
H(z) =
(4.16)
1 for z > 0.
Motivated by the discussion of the numerical experiments above and the form (4.13) of the generalized eigenvalue problem, we will, for an arbitrary test function φ ∈ C0∞ (Ω ), study the integral
Z

(k − k0 )[Hxε (k − k0 )φx + Hyε (k − k0 )φy ] dΩ

Iε =
Ω

Z

(k − k0 )[kx ωε (k − k0 )φx + ky ωε (k − k0 )φy ] dΩ .

=

(4.17)

Ω

If we apply the property (4.5) of the mollifier and define
Sε = {(x, y) ∈ Ω ; |k(x, y) − k(x0 , y0 )| < ε}
then we find that

Z

Iε =

Sε

(4.18)

(k − k0 )[kx ωε (k − k0 )φx + ky ωε (k − k0 )φy ] dΩ .

Next, since kx , ky , φx , φy ∈ L∞ (Ω ), property (4.6) of the mollifier function ωε and the triangle inequality
imply the existence of a positive constant c1 , independent of ε, such that
|Iε | 6

Z
Sε

Z

6

Sε

|k − k0 |[|kx ωε (k − k0 )φx | + |ky ωε (k − k0 )φy |] dΩ
|k − k0 |[k kx k∞ k φx k∞ Mε −1 + k ky k∞ k φy k∞ Mε −1 ] dΩ

Z

6 c1

Sε

|k − k0 |ε −1 dΩ .

However, on the set Sε (see (4.18)) we have |k − k0 | < ε and we therefore conclude that
|Iε | 6 c1

Z
Sε

1 dΩ = c1 |Sε |,

(4.19)

where |Sε | denotes the measure of Sε . Recall the definitions (4.10) and (4.18) of S(k, (x0 , y0 )) and Sε ,
respectively. Clearly,
\
Sε = S(k, (x0 , y0 )),
ε>0
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and it is therefore natural to ask if the measure of Sε converges toward the measure of S(k, (x0 , y0 )) as
ε → 0. This question is treated in detail in Appendix A and the answer to it is affirmative (see Lemma
A.1). Thus assumption (4.15) implies that
lim |Sε | = 0,

ε→0

and we conclude that
lim |Iε | = 0.

(4.20)

ε→0

Having established that the integral defined in (4.17) tends toward zero as ε → 0, we must now check
whether or not the sequence of functions {H ε (k − k0 )}ε∈R+ has a well-defined, in the distributional
sense, limit as ε → 0. More precisely, we will show, as expected, that H(k − k0 ) is the limit. To this end,
consider for an arbitrary test function φ ∈ C0∞ the integral
Z

Dε =

H ε (k − k0 )φ dΩ −

Z

Ω

Z

=

H(k − k0 )φ dΩ

Ω

[H ε (k − k0 ) − H(k − k0 )]φ dΩ .

Ω

From the property (4.8) of the approximate Heaviside function H ε we find that
H ε (k − k0 ) = H(k − k0 ) for all (x, y) such that |k(x, y) − k0 | > ε.
Hence

Z

Dε =

Sε

[H ε (k − k0 ) − H(k − k0 )]φ dΩ ,

and then the property (4.7) and the definition (4.16) of the Heaviside function imply that
Z

|Dε | 6k φ k∞

Sε

dΩ =k φ k∞ |Sε |.

As discussed above, |Sε | → 0 as ε → 0, and we conclude that
lim H ε (k − k0 ) = H(k − k0 )

ε→0

in the distributional sense. From standard theory (see Griffel, 1981), for the derivatives of distributions,
it follows that
lim Hxε (k − k0 ) = Hx (k − k0 ), lim Hyε (k − k0 ) = Hy (k − k0 ).
ε→0

ε→0

Finally, by combining these convergence properties of the approximate Heaviside functions and
(4.17) and (4.20) we find that
Z
Ω

k∇H(k − k0 ) · ∇φ dΩ = k0

Z

∇H(k − k0 ) · ∇φ dΩ

for all φ ∈ C0∞ .

Ω

Note that (4.14) ensures that H(k − k0 ) 6= 0, and thus, if k satisfies (4.14) and (4.15) then H(k(x, y) −
k0 ) is an eigenfunction, in the distributional sense, with associated eigenvalue k0 = k(x0 , y0 ) for the
generalized eigenvalue problem (4.1).
The next question is, of course, what happens if either assumption (4.14) or (4.15) fails to hold?
This is the topic of Sections 4.2.2 and 4.2.3.
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Case II. Let k ∈ K and assume that (x0 , y0 ) ∈ Ω is a point such that
kx (x0 , y0 ) = 0

and ky (x0 , y0 ) = 0.

(4.21)

In this case we will show that the Dirac delta function is an eigenfunction, in the distributional sense,
for the generalized eigenvalue problem (4.12).
To this end, let δ denote the delta distribution associated with the point (x0 , y0 ), i.e., δ denotes the
linear functional
δ : C0∞ → R
such that the action of applying δ to φ ∈ C0∞ is given by
hδ , φ i = φ (x0 , y0 ).
Note that we use the notation
hδ , φ i =

(4.22)

Z

δ φ dΩ = φ (x0 , y0 ).
Ω

Recall the form (4.12) of the eigenvalue problem. Let φ ∈ C0∞ be an arbitrary test function and
consider the integral
Z
Z
k∇δ · ∇φ dΩ =

I1 =
Ω

(kδx φx + kδy φy ) dΩ .
Ω

Now integration by parts implies that
I1 = −

Z

(δ [kx φx + kφxx ] + δ [ky φy + kφyy ]) dΩ
Ω

= −[kx (x0 , y0 )φx (x0 , y0 ) + k(x0 , y0 )φxx (x0 , y0 ) + ky (x0 , y0 )φy (x0 , y0 ) + k(x0 , y0 )φyy (x0 , y0 )]
= −[k(x0 , y0 )φxx (x0 , y0 ) + k(x0 , y0 )φyy (x0 , y0 )],
where the last equality follows from assumption (4.21). On the other hand, by inserting λ = k0 =
k(x0 , y0 ) and u = δ in the right-hand side of (4.12) we find that
Z

∇δ · ∇φ dΩ = k0

I2 = k0
Ω

= −k0

Z

(δx φx + δy φy ) dΩ
Ω

Z

(δ φxx + δ φyy ) dΩ
Ω

= −k(x0 , y0 )[φxx (x0 , y0 ) + φyy (x0 , y0 )].
Thus I1 = I2 and it follows that the δ -distribution associated with the point (x0 , y0 ) is an ‘eigenfunction’
with eigenvalue k(x0 , y0 ), provided that (4.21) holds.
4.2.3

Case III. Let k ∈ K and assume that (x0 , y0 ) ∈ Ω is a point such that
|S(k, (x0 , y0 ))| > 0

(4.23)

(cf. (4.10) and (4.11)). This is, in fact, the simplest case. According to the definition of K in (4.11),
S(k, (x0 , y0 )) contains an open and connected subset G with strictly positive measure, i.e., |G| > 0. This
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ensures the existence of nonzero functions whose support is contained in G. Let u be such a function,
i.e., we assume that
supp(u) ⊂ G.
(4.24)
Since k(x, y) = k(x0 , y0 ) on G, it follows that
Z

k∇u · ∇φ dΩ = k(x0 , y0 )

Z

∇u · ∇φ dΩ

G

Ω

Z

= k(x0 , y0 )

∇u · ∇φ dΩ ,

Ω

which should be compared with (4.12). Hence we conclude that in this case every nonzero function
satisfying (4.24) is a generalized eigenfunction with associated eigenvalue k(x0 , y0 ).
T HEOREM 4.1 Let k be a coefficient function in the set K defined in (4.11). For every (x0 , y0 ) ∈ Ω there
exists a generalized function u such that λ = k(x0 , y0 ) and u forms an eigenvalue–eigenfunction pair for
the generalized eigenvalue problem (4.1).
Furthermore, the following statements hold.
•

If conditions (4.14) and (4.15) hold then
u = H(k − k0 )
is an eigenfunction with associated eigenvalue λ = k0 = k(x0 , y0 ). Here H denotes the Heaviside
function (see (4.16)).

•

If condition (4.21) holds then
u = δ(x0 ,y0 )
is a generalized eigenfunction with associated eigenvalue λ = k0 = k(x0 , y0 ). Here δ(x0 ,y0 ) is the
Dirac delta distribution associated with the point (x0 , y0 ) (see (4.22)).

•

If condition (4.23) holds then any function u satisfying (4.24), where G is the set defined in (4.11), is
a solution of the generalized eigenvalue problem (4.1) with associated eigenvalue λ = k0 = k(x0 , y0 ).

5. Conclusions
In this paper we have analysed the eigenvalues and eigenfunctions of second-order elliptic PDEs preconditioned by the inverse of the Laplacian. We have shown by numerical experiments and mathematical
analysis that there is a strong relation between the spectrum of the preconditioned operator and the
range of the coefficient function k, provided that k is smooth and satisfies certain measure-theoretical
properties.
More precisely, in the discrete case the spectrum seems to be accurately approximated by the values
of the coefficient function evaluated at the mesh points. Furthermore, we have proven, both for the
associated operators defined on Sobolev spaces and in terms of generalized functions, that the range of
k is contained in the spectrum of the preconditioned operator.
The purpose of this paper has been to obtain a deeper understanding of the convergence properties of
the CG method applied to second-order elliptic equations. For problems with large jump discontinuities
in the coefficients the success of efficient preconditioners is commonly based on some sort of clustering
effect of the eigenvalues. The present work shows that such an approach might be very difficult to
apply to problems involving continuous coefficients with large variations. In particular, if the inverse
Laplacian is applied as a preconditioner then such a clustering effect will not occur.
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Appendix A. A measure-theoretical lemma
Let k : Ω → R be a measurable function, let (x0 , y0 ) be an arbitrary point in Ω and consider the sets
S0 = {(x, y) ∈ Ω ; k(x, y) = k(x0 , y0 )},

(A.1)

Sε = {(x, y) ∈ Ω ; |k(x, y) − k(x0 , y0 )| 6 ε}.

(A.2)

Note that
S0 ⊂ Sε

for all ε > 0,

(A.3)

and, furthermore,
\

Sε = S0 .

ε>0

Motivated by these properties, we now establish the following lemma.
L EMMA A.1 Let k : Ω → R be a measurable function and let S0 and Sε denote the sets defined in (A.1)
and (A.2), respectively. If the area of Ω is finite, i.e., |Ω | < ∞, then
lim |Sε | = |S0 |,

ε→0

where |S0 | and |Sε | denote the measures of these sets.
Proof. Let X0 and Xε denote the characteristic functions of S0 and Sε , respectively, that is,
(
1 for (x, y) ∈ S0 ,
X0 (x, y) =
0 elsewhere
and
Xε (x, y) =

(
1
0

for (x, y) ∈ Sε ,
elsewhere.

We start by proving that Xε converges point-wise toward X0 as ε → 0. Let (x̃, ỹ) be an arbitrary
point in Ω .
(a) If (x̃, ỹ) ∈ S0 then (A.3) implies that
X0 (x̃, ỹ) = 1 = Xε (x̃, ỹ) for all ε > 0.
(b) If (x̃, ỹ) ∈
/ S0 then

X0 (x̃, ỹ) = 0.

Moreover, for ε < |k(x̃, ỹ) − k(x0 , y0 )| it follows from the definition (A.2) of Sε that (x̃, ỹ) ∈
/ Sε . Hence
Xε (x̃, ỹ) = 0

for all ε < |k(x̃, ỹ) − k(x0 , y0 )|.

Clearly, (a) and (b) imply that
lim Xε (x̃, ỹ) = X0 (x̃, ỹ),

ε→0

and we conclude that Xε converges point-wise toward X0 as ε → 0.
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Note that (cf. (A.3))
|1 − Xε | = 1 − Xε 6 1 − X0

for all ε > 0.

Thus the dominated convergence theorem (see, e.g., Royden, 1989) implies that
Z

lim
ε→0 Ω

(1 − Xε ) dΩ =

Z

(1 − X0 ) dΩ .

Ω

Consequently, since Ω has a finite measure,
lim |Sε | = |S0 |,

ε→0

which finishes the proof.



